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Determination of the Thermal Lens in 
Solid-state Lasers with Stable Cavities 

Beat Neuenschwander, Rudolf Weber, and Heinz P. Weber, Fellow, IEEE 

Abslruct- A useful method to determine the thermal lens 
in a thermally loaded material inside a laser resonator under 
operation is presented. The laser beam emitted is focused with 
a lens placed exactly at the distance of its focal length behind 
the output mirror. For stable spherical resonators this focusing 
is not astigmatic even for an astigmatic cavity. This fact is 
used to experimentally determine the thermal lens including the 
beam quality factor (beam propagation factor) Mz of the laser 
beam. Measurements are presented for an end-pumped rod and 
a longitudinally pumped slab laser serving as an example for an 
astigmatic cavity. 

I. INTRODUCTION 
UMPING of solid-state lasers leads to a spatial depen- P dence of the temperature distribution in the laser crystal 

which is pronounced in the case of longitudinally diode 
pumping. Thermal dispersion, surface bending, as well as 
stress and strain lead therefore to a spatially varying refractive 
index imposing a nonuniform phase shift onto a beam passing 
through the crystal. This phase shift results in an optical beam 
distortion. To achieve a good spatial mode overlap between 
pump radiation and laser beam, necessary for high efficiencies, 
these effects have to be considered. 

Uniform heating was extensively investigated for both, flash 
lamp pumping and transversal diode pumping [l], [2] and 
also for slab geometries [3]. Longitudinal pumping leads to 
the most pronounced non uniform heating resulting from the 
localized absorption of the pump radiation. Recent works 
[4]-[8] have used the axial symmetry of a rod and dealt 
with thermal beam distortion in edge and face cooled rod 
systems using analytical models or computer simulations. 
The thermal beam distortions were verified experimentally by 
interferometric methods [7 ] ,  [8] or using a probe beam [2], 
[9]. In all cases, the phase shift profile was parabolic over the 
extent of the laser beam in the first order. Thus, the crystal is 
nearly acting as a spherical lens. 

However, both methods mentioned above use a second laser 
either as probe beam or for the interferometer. In this paper, 
a simple method is presented which allows to determine the 
focal length of the thermal lens (which is assumed to be an 
ideal thin lens) in the crystal directly from the laser beam 
itself even for astigmatic resonators with a spherical output 
mirror. Near and far-field distributions of the laser output for 
pump powers up to 6 W have been recorded. The according 
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beam radii were defined by the second moments [lo] of these 
intensity distributions. From this the beam quality, factor M 2  
was deduced which allowed to calculate the corresponding 
ideal thin thermal lens in the resonator. Measurements were 
carried out with a single end pumped rod and a single 
longitudinally pumped slab crystal [ l l ] .  The results for the 
such evaluated thermal lens for the rod were compared with 
the results from the analytical model presented in [4]. 

11. THEORY 

A.  Beam Propagation Outside the Resonator 

Pumped solid state laser materials suffer from thermal 
effects which can be treated in first order as spherical lens. 
If a Brewster window is placed inside the resonator, the 
perpendicular and parallel (usually horizontal and vertical) 
plane have to be treated separately. The output beam carries the 
information about the focal lengths of the thermal lens. This 
information can be extracted with a suitable experimental set- 
up. To calculate back into the resonator, the beam propagation 
outside the resonator has to be considered. This is preferen- 
tially done by starting at the output mirror. In the following, 
the calculation of the beam propagation and the determination 
of the thermal lens is first demonstrated for the fundamental 
mode. 

In a stable spherical resonator, the radius of curvature of 
the phase front of the laser beam must match the radius of 
curvature of the mirror. Therefore, the radius of curvature of 
the beam is the same in the horizontal and the vertical plane at 
the output mirror even for an astigmatic resonator. The output 
mirror is assumed to act as an ideal thin lens for the beam 
passing through it. Therefore, the radius of curvature of the 
phase front right behind the mirror, R,,,t is still the same for 
both, the horizontal and vertical plane. For the fundamental 
mode, the laser beam can be described with two complex q- 
parameters [12], one for each plane. The beam parameters, 
qat[, ( I ? ,  v ) ,  right behind the output mirror are given by 

where W J ~ ,  ( h ,  are the beam radii on the mirror, which 
usually are different in an astigmatic cavity. 

Assuming a lens with focal length f l  being placed at a 
distance d l  behind the output mirror. The q-parameters at this 
lens are given by ql ,  ( l L ,  ,,) = qlI ,  ( 1 , .  ,,I + (11. These parameters 
are transformed by the lens and equal directly behind the lens 
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(a) 

Far Field 

d,=J 

(b) 

Far Field Near Field 

(C) 

Fig. 1. Transformation of the output beam for a stable resonator containing 
the thermal lens f t h .  The beam radius on the output mirror is d . , f ( 7 [ ' . j , ) .  

With the lens f~ placed at the distance d l  = f l  behind the output mirror the 
new waist 4 0 1  ( ~ 1 0 1 )  is located at the distance dp. (a) With a spherical output 
mirror and fundamental mode operation. (b) With a plane output mirror and 
fundamental mode operation. The waist UJOI is also the location of the far 
field. (c) With a plane output mirror and multimode operation. The far field 
is located at the position of the waist w01. In addition, the near-field lens f~ 
placed at the distance d3 = f2 behind w01 defines the near-field distribution 
at d4 = fz with the beam waist radius w02. With WOI, ~ ' 0 2 ,  and f2, Ai' 
is obtained. 

to [12]: 

(2) 
q 2 ,  ( h ,  I/) 

The lens f l  produces new beam waists at the distances 

and are therefore usually different for the horizontal and the 
vertical plane for a astigmatic resonator, a fact which makes 
beam diagnostics rather troublesome. Fig. l(a) shows the 
special situation if dl = fl,  i.e., if the lens is positioned at 
the distance of its focal length from the output mirror. The 
complex beam parameters 42, ( h ,  

1 - fl - ( Q M ,  ( h ,  U )  + dl )  
f l  . (qhrl, ( h ,  I/) + dl) . 

-- 

d 2 ,  ( h ,  I/) = Re ( q 2 ,  ( h ,  I/)). These distances depend on qhf, ( h ,  I/) 

reduces then to 

where the asterisk terms the complex conjugated value. 
Taking into account, that Re (&, ( h ,  I/)/ lqbr,  ( h .  = 
Re ( l / qh I ,  (h .  "I), the distances d2,  ( h .  I/) are given by 

(4) 
d2, ( h ,  I/) = -f1 ' (1 + -). fl 

Rout 
The negative sign in (4) means that the new waists are located 
on the opposite side of the lens than the output mirror. The 
distances d2 ,  ( h ,  ,,) of the waists only depend on the radius of 
curvature Rout and f l .  Therefore, the position of the waist is 
the same for both planes even for an astigmatic laser cavity, 
i.e., this focusing is not astigmatic. 

The new waist radii, wol. ( h ,  at this position can be 
calculated from Im ( q 2 .  (h .  ,,I) and equal to 

1083 

Thus, with dl  = f1, the beam waits wol, ( h ,  (the first 
subscript, 0, denotes a waist and the second, 1, refers to the 
lens f l )  can be measured at one single position. With that 
knowledge and (3, the beam radii wn4, ( h ,  v )  on the output 
mirror can be calculated. 

Fig. l(b) shows the case of a plane output mirror. There (4) 
is reduced to d2 = -fl and thus the far field is recorded. This 
is also valid for spherical output mirrors if f1 << Rout. 

B. Ideal Thin Lens in a Plane-Plane Resonator 

The knowledge of the beam radii on the output mirror allows 
to determine the focal length of a focusing element, i.e., a 
thermal lens f t h ,  (h .  I/), inside the resonator. This is easy to 
understand in the case of a symmetric plane-plane resonator, 
where two beam waits exist, one on each mirror. Because the 
lens is placed exactly in the center of the resonator the radii 
of these two waists are identical. The radius of curvature of 
the phase front of the laser beam at both sides of the lens 
must therefore be equal and opposite. The radius is given by 
[12], [21]. With a resonator of length l ( h ,  ,,) in this formula z is 
replaced by l ( h ,  I / ) / 2 .  This radius of curvature is twice the focal 
length of a given lens causing this transformation. Therefore, 
the focal length f t h ,  (h .  of this lens can be expressed by the 
waist radius WAf, ( h ,  I/) on the mirror: 

Thus, with given far-field beam radii wol, ( h ,  wAlf, ( h ,  can 
be calculated with (5) as pointed out above and the focal 
lengths f t h ,  ( h ,  of a ideal thin lens inside the resonator can 
be determined for the horizontal and the vertical plane. 

1) Special Situation: This straightforward thermal lens cal- 
culation can be applied also for end pumped rods. The situation 
that the input surface is the highly reflecting mirror and a plane 
output mirror is used can be transformed into the symmetric 
case mentioned above. This is done by mirroring the set-up at 
the input surface of the crystal. This symmetrized resonator is 
therefore twice as long i.e., in (6) l (h .  ") /2 has to be replaced 
by l ( h .  .). In this case, the beam passes through the thermal 
lens f + h ,  ( h ,  twice. This results in an effective thermal lens 
that is twice as strong as before, i.e., the focal length is halved. 
Therefore, the result of (6) must be doubled. 

2 )  General Situation: A different calculation of f t h ,  ( h ,  ,,I 
has to be used if the crystal and, therefore, the thermal lens 
is not placed in the center of the resonator. In this case the 
assumption of the symmetry fails. 

is obtained 
by considering that the lens transforms the waist on the plane 
output mirror into a new waist on the (also plane) high 
reflecting mirror. Using [13, (1.70)], (6) has to be rewritten 
as (7) with zo ( h ,  I/) = wz, ( h ,  . f found at the bottom of 
the next page. 

In Fig. l(b), the parameters of (7) are shown: ll. ( h ,  I/) is 
the distance between the output mirror and the thermal lens, 
1'. ( h ,  ") is the distance between the lens and the high reflecting 
mirror and wAf. ( h .  I/) is obtained from the far field beam 
diameter wol. ( h .  ,,I and (5). 

The focal length of the thermal lens f t h ,  ( h ,  
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Usually a resonator containing a varying lens shows two 
stable zones as a function of the refractive power of the lens. 
The positive sign at the squareroot in (7) applies to the first 
stability zone, the negative sign to the second. 

The conditions in the deviation of (6) and (7) are not fulfilled 
in the unstable zones. Therefore the calculation of the thermal 
lens as proposed in this section fails. 

C. Ideal Thin Lens in a Resonator with Spherical Mirrors 

Fig. l(a) shows a resonator with spherical mirrors of finite 
radii. The determination of the focal length of the correspond- 
ing ideal thin lens becomes more difficult in this case. With 
a given lens inside the resonator the fundamental mode-beam 
radii on the output mirror are given by [13]: 

1 

(8) 
and g-parameters with the modified resonator lengths Lib. 

9;. ( h .  I , )  and 9;. (11. U ) :  

(9) 

L;h.  U )  l l ,  ( / I .  U )  d. ( h .  U )  = 1 - ~ - ~ 

R2 . f th ( h .  U )  

The radii of curvature are R I  and R2 for the output mirror 
and the high reflecting mirror, respectively. It is noted that 
formula (8) is identical with (6) in the symmetrical (11, = 
12 , (h , , , )  = l ( 1 ~ . ~ ) / 2 )  plane-plane ( R I  = R2 = cc) case. 
Identical location of the horizontal and vertical waists (4) can 
also be achieved in the case of a spherical output mirror. It is 
reminded, that in (4) R,,,, is not the radius of curvature of the 
output mirror but the radius of curvature of the phase front of 
the laser beam directly behind the mirror. With the knowledge 
of w,jfs with (5) the focal 
length it,,, 

on the mirror from wol, ( h  

of the lens can be determined iteratively. 

D. Multimode Operation 

,,I as pointed 
out in the previous chapters is only valid for fundamental mode 
operation. In the following the considerations are expanded 
to the multimode situation. In this case, the beam radii and 
the half angle divergences are denoted by ? i ~ ( / ~ ,  ,,) and @ ( h .  

(Fig. I(c)) instead of the fundamental mode notations w(/,, 
and tY(j1, 

The determination of the thermal lens f t r l ,  

respectively. A formalism required to treat the 

multimode behavior in the same manner as the fundamental 
mode is the concept of the embedded fundamental mode [IO], 
[ 141. This embedded fundamental mode shows the same waist 
positions as the multimode beam, when it is transformed by 
optical elements and is therefore used to calculate backwards 
into the resonator. To define this embedded fundamental mode 
the beam quality factors (beam propagation factors) Mth, 
have to be determined. With the beam waist radii WO, ( r l .  
and the half angle divergences O(h ,  they are given by 

(10) 

This means that the multimode beam is M&, times diffrac- 
tion limited in the horizontal and the vertical plane. For this 
multimode beam, the beam waist radii wo, ( h ,  and the half 
angle divergences 2 9 [ h ,  of the embedded fundamental mode 
are then defined as [13]: 

It is noted that for a fundamental mode Mth, exactly equals 
to one. 

For treating a multimode beam not only the waist radii 
but also the half angle divergences of the beam have to be 
known. The set-up to deduce both is shown in Fig. l(c). 
For a plane output mirror, the multimode beam has its waists 
directly on this mirror for both, the horizontal and the vertical 
plane. The radii are denoted by waqr. (h .  .). When the lens f l  

is positioned again at the distance of its focal length from the 
output mirror the new waists w O 1 ,  produced are located 
again at the distance d2 = f l .  At this position, the far field 
is recorded as mentioned above. To deduce Mth, the half 
angle divergences @ ( h ,  have to be measured. This is done 
using a second lens, the near-field lens, with focal length f 2 .  It 
is also placed at the distance of its focal length, d d  = f 2 ,  from 
the waists w O 1 ,  ( h  This lens again produces new waists, 
with radii wO2, at the distance dq = f 2  behind the lens. 
At this position, the near field is recorded. From the beam 
radii wo2, ( h ,  and f2  the half angle divergences of the beam 
in front of the lens are given by @ ( h ,  ,,) = wo2. ( h .  f 2  [13]. 
Taking (10) into account the beam quality factors Mth, ,,) 
therefore equals to: 

Thus, with the knowledge of tuo1. ( r L .  ,,) and M$l, the em- 
bedded fundamental mode is defined by (1 1). The waist radius 
of this embedded fundamental mode on the output mirror 
w.jf. ( r l .  ,,) can then be calculated with ( 5 ) .  

This embedded fundamental mode is assumed to match the 
fundamental mode of the resonator. Therefore, the thermal 
lens in the resonator can be determined as pointed out in the 
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f Beam 

I =  I- 

@ '  
Fig. 2. The beam diagnostics set-up. The far- and the near-field intensity 
distribution were recorded by CCD cameras. The corresponding beam radii 
wo1 and wo2 were determined by the second moment method. 

previous chapters. This assumption is exactly fulfilled for res- 
onators that contain ideal spherical elements. However, it can 
also be used as a good approximation for resonators containing 
elements introducing small deviations from a parabolic phase 
shift over the extension of the beam (e.g., real thermal lenses). 

111. EXPERIMENTAL SETUP 
The setup for the beam diagnostics is shown in Fig. 2 and 

is equivalent to the situation shown in Fig. l(b). To obtain a 
far field beam diameter of about 1 mm a far-field lens with 
a focal length of f l  = 510 mm was used. The focal length 
of the near-field lens was f 2  = 408 mm. A folding mirror, 
without influence onto the beam, was used to compact the set- 
up. After passing through the far-field lens, the main part of the 
beam was reflected by a slightly tilted high reflecting mirror 
that allowed to measure the laser output power. After passing 
through the tilted mirror, the beam was divided into two parts 
by a beam splitter. One part of the beam was used to determine 
the far-field radii wol, ( h ,  v) from the CCDl record. The other 
part was directed through the near-field lens f 2  forming the 
near field on CCD2. From this the beam waist radii tuo2. ( h ,  "1 
were determined using the second moment method described 
in [lo]. Two monochrome CCD-cameras with a pixel size 
of 11.8 pm* 8.3 pm have been used. The CCD-image was 
captured with an 8-bit frame-grabber and post-processed on 
a PC. 

IV. RESULTS 

A. End-Pumped Rod 

A single end pumped Nd:YAG rod with a length of 20 mm 
and a radius of 4.8 mm was used to check this technique 
for determining the thermal lens. In this case, the pumped 
surface of the rod was dichroically coated, highly reflecting 
for the laser wavelength of 1.06 pm and highly transmitting 
for the pump wavelength of 809 nm. The other surface was 
anti-reflection coated for 1.06 pm. As pump source a Jenoptik 
10-W diode laser was used. It's output radiation was passed 

ZOO0 T 1 /*horizontal 

0 I 

Pump Power [wl 

Fig. 3. The focal length f th  of the thermal lens versus incident pump power 
for the single end pumped rod. For the model a pump spot radius tup = 340 
pm was used. 

1 2 3 4 5 6 

through a line-to-bundle fiber converter [15], [16] and coupled 
into a 600-pm multimode fiber with N.A. = 0.22. The fiber 
output was imaged by a two-lens optics onto the crystal 
surface. With this a pump spot radius in the crystal of 340 
pm was achieved. The half angle divergence of the pump 
beam was 12.5'. The transfer efficiency from the diode laser 
to the crystal was about 55%. The resonator was formed by the 
pumped surface of the rod and a 5% output coupling mirror. 
The length of the resonator was 112 mm. 

Fig. 3 shows the deduced thermal lens for the single end 
pumped rod in the horizontal and vertical plane as a function 
of the pump power. The pump power dependence of the 
measured focal length is nearly the same in the horizontal and 
the vertical plane as expected from to the radial symmetry of 
the cylindrical rod. The solid line is the result of an analytical 
model [4] which predicts a hyperbolic dependence of the 
thermal lens focal length from the pump power. All focal 
lengths are about 30% smaller than the theoretically predicted 
values. 

This difference can be explained by the following facts: 
The model only takes into account the temperature induced 
change of the refractive index due to the thermal dispersion 
d n / d T .  Not included in the analysis are the bending of the 
pumped surface and the stress and strain induced change of 
the refractive index. In the investigated pump power range, 
the surface bending is of importance and additionally reduces 
the focal length of the thermal lens by about 20% to 30% [8]. 
Moreover, the model dealt with a gaussian distributed pump 
radiation without divergence. In our case, the divergence of 
the pump beam is 12.5" with a changing distribution along 
the pump axis. Considering these effects, the analytical model 
and the measurements are in a very good agreement. 

The beam quality factor M 2  as deduced from the waist 
measurements is shown in Fig. 4 as a function of pump power. 
Its value does never exceed 1.1, i.e., the laser was running 
nearly in a TEMoo mode. 

With this arrangement a maximum output power of 2.7 W 
at a pump power of 5.7 W was achieved at a slope efficiency 
of 54%. 

B. Single Longitudinally Pumped Slab 

An astigmatic laser cavity was set up as presented in [ l  11, 
but only single longitudinally pumped at one position. The 
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Beam quality M 2  versus incident pump power for the single end- 

Pump Power [wl 

Beam quality :U2 versus incident pump power for the single Fig. 4. 
pumped rod. longitudinally pumped slab. 

Fig. 6.  

I -vertical I 
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The focal length fth of the thermal lens versus the incident pump Fig. 5 
power for the single longitudinally pumped slab (top = 340 pm) 

bottom and top surface of the crystal were in contact with a 
water cooled heat sink at room temperature. The output mirror 
was placed at a distance of 90 mm, the high reflecting mirror 
at a distance of 74 mm from the crystal. With a geometrical 
path length of the laser beam in the crystal of about 75 mm 
the effective resonator lengths became therefore 176.4 mm in 
the horizontal plane and 205 mm in the vertical plane due to 
the Brewster's surfaces of the crystal 117, 181. 

For the single-pumped slab geometry, the deduced thermal 
lens as a function of pump power is shown in Fig. 5. The lines 
represent a hyperbolic fit to the data. The focal length is as in 
the previous example dependent of the inverse pump power. 
The thermal lens in the vertical plane is about the same as in 
the rod whereas it is almost twice as strong in the horizontal 
plane. This difference between the two planes is caused by the 
geometry of the crystal and the oblique incidence of the pump 
beam, a fact which is under investigation. 

Fig. 6 shows the Mth, ,,) values for both planes in the slab. 
The beam quality increases with the pump power from 1 to 
1.4 in the horizontal and from 1 to 1.3 in the vertical plane, 
respectively. 

C. Error Discussion 

The determination of the beam radii with the second mo- 
ment of the intensity distribution is very sensitive to structures 
in the wings of the beam. Inaccuracies arise when records of 
beams containing such wings are post processed due to the 
noise of the CCD camera. The CCD-cameras used had an 

effective dynamic range of about 40. With this dynamic range 
the accuracy of the beam radii was found to be about &5% 
for smooth beams. For beams with significant structures in the 
wings this accuracy was reduced up to about k20%. The lens 
and cameras have been positioned with an accuracy better than 
kl  mm and the accuracy of the focal lengths of the lenses are 
specified by the manufacturer to be better than f 2 % .  There- 
fore, the error in the determination of f t h ,  ( h ,  .) and Mth, .) 
is mainly caused by the experimental uncertainties introduced 
by the determination of the beam radii. The accuracy of the 
second moment method can be increased considerably by the 
use of high dynamic range cameras. 

With these experimental uncertainties the error in deter- 
mining the thermal lens f t h ,  ( h ,  becomes about f16% for 
smooth beams and up to f 6 0 %  for structured beams. For the 
beam quality factor Mth, the error amounts to about f 7 %  
for smooth beams and up to k30% in the worst case. 

As previously mentioned, the embedded fundamental mode 
does not match exactly the fundamental mode defined by 
the resonator. This error was not included in the discussion 
above. It depends on the exact mode spectrum and is not 
straightforward to treat. Attempts in this direction will be 
subject of future investigations. 

V. CONCLUSION 
In this paper, a design to determine the focal length of 

a thermal lens inside a resonator without any probe beam 
was presented. This is accomplished directly from the out 
coming laser beam by simultaneously talung one picture of 
the intensity distribution in the far and near field with a CCD 
camera. Simultaneously this design allows to deduce the beam 
quality factor. This method is applicable for stable resonators 
with a spherical output mirror even in the case of astigmatic 
cavities. 

With this set-up, the beam quality factor and the thermal 
lens have been determined for an end pumped rod and a 
single longitudinally pumped slab. Significantly different focal 
lengths of the thermal lens resulted in the two specific planes 
of the astigmatic slab cavity. The thermal lens for the end 
pumped rod was compared with an analytical model. The 
good agreement confirms the applicability of the presented 
set-up. 
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