Effective Field Theory
5th Exercise Sheet

6 SU(N) gauge theory

1. Show that the unitarity of the SU(N) matrices entails hermiticity of the generators and
that the requirement det U = 1 implies that the generators have to be traceless.

2. Show that the structure constants fup. of SU(N) are real and fulfill the Jacobi identity
fabdfdce + fbcdfdae + fcadfdbe -0
This identity can be obtained by considering the Jacobi identity
[[4, B],Cl +[[B,C], Al + [[C, A], B] = 0

for the generator matrices T and rewriting the commutators in term of structure
constants using their defining relation

[T(17 Tb] — Z‘fabc TC .
3. Show that the conjugate representation
T]% — _(Ta)T — _(Ta)*
and adjoint representation
(T4)be = —if
are indeed representations of SU(N). What is the conjugate representation of the
adjoint representation?

4. For a representation Tf of a Lie group, the quantity Cr = >, TETS is called the
quadratic Casimir operator of the representation.

(a) Show that this quantity commutes with all generators [C’R, T}b%] = 0. For an irre-
ducible representation Schur’s lemma then implies that the operator is proportional
to the unit matrix Cr = Cgrl.

(b) Compute the values of Cr and Cjy, the Casimir invariants of the fundamental and
adjoint representation, respectively, i.e.

TeTe — CF 1 ’ facd fbcd _ CA(Sab )

Remember that we normalized

ldab.

Te(T°T?) = Tp 6% = 5



For C4, show first that
facdfbcd ATy (CFTaTb . TaTCTbTC)

and simplify the last term using
“ 1 1
T Ty = 3 010k — Ncsij(skl ;

which follows when considering the decomposition of a general N x N matrix into the
unit matrix and T.

7 “Magic relation” for the anomalous dimension

In this problem we provide arguments for the “magic relation”

A

between the anomalous dimension v and the first term Z; in the € expansion of the Z factor

1
Z=1+Y —Z(as
k=1

m

as it holds in the MS scheme in dimensional regularization.

1. We first need the 8 function in d dimensions. To this end, use that u-- d (0) = 0, with

bare coupling o0 = Z;;ﬂfas(,u,) to show

4 d
Blas,€) = —2eas — 2057, 1M@Zg.

2. Now write B(as, €) = B(as) + > re; € Br(as), and use H%Zg = 8Zgﬁ(as, €) to find

07,
ZgB(as, €) = —2easZy — 205—2 B(as, €).
dayg
Expanding this relation at large €, you should find 81 = —2ay, B = 0 for £ > 1, and the
first “magic relation” B(as) = 4042 8219, where Z1, is the first term in the e expansion
of Z,.

3. Finally, repeat the same strategy for the anomalous dimension encountered in the lec-
ture, which should lead to Eq. (1).



