Quantum Field Theory II FS24

Series 6 - Renormalization of spin-% theories 10.04.2024

Part 1: The LSZ formula for fermions.

At first, let’s set the scene: We will first consider the case of a Dirac field ¥ and assume
that its interactions respect the U(1) symmetry that gives rise to the conserved current
Ju= \TWM\II and its associated charge Q). In the free theory, we can create the one-particle
states by acting on the vacuum state with the creation operator:

I, s,+) = bl(p) [0}, I, s,—) = di(p) |0), (1)

where the label £ on the ket indicates the value of the U(1) charge @ and
bl(p) = / d*x PP (@) us(p),  di(p) = / dx 70, (p)y " (z),  (2)

(.5, +|¥(2) |0) = as(p)e™ ", (p, 5, = ¥(2)[0) = vs(p)e™ P 3)

Let’s focus on the + charge and consider an operator that creates a particle with definite
spin, localized in monentun space near pi, and localized in position space near the origin:

b} = / & f1(p)BL, (p), (4)

where f1(p) o exp[—(p — p1)*/407].
Let’s now consider interactions and thus introduce the temporal variable too.

1. Prove that
b} (—00) — bl (+00) = i / @p f1(p) / dhz B (w)(id + m)u,, (p)e". (5)

+oo
Hint: Consider that bJ{(foo) fbi(qtoo) = / dt 9o bJ{(t) and also that (p+m)us(p) = 0.

—00

2. What would be the value of the expression in 1. in the free theory and why 7
3. Prove that

by(+00) — bi(—o0) = i / & f1(p) / d'z e Py, (p)(—id + m)U(z).  (6)

Let’s now consider a scattering experiment with two particles.



4. Calculate the transition amplitude from an initial state |7) = . lim bI (t)b;(t) |0) to a
——00

final state |f) = t_lgrn b]i,(t)b; (t) |0), which is defined as

< fli >= (0| T by (+00)by (+00)b} (—o0)bl(—00) [0) . (7)

Hint: Use the properties of the time-ordering T' and also consider the limit o — 0, where

fi(p) = (p — p1).

Part 2: Calculation of two loop integrals which appear in the renormalization
of the spin—% theory discussed in the lectures.

5. In the lectures you reached the expression for the nucleon self-energy:

. d4k 1 —p(l — CL‘) +m
> (p) = —192/(%)4/0 W Wt el —a) — e — 21— a) i a

Solve this integral analytically.

Hint: Remember how you solved a similar integral in series 8 and leave the final expression
as an integral over x.

6. In the lectures you reached the following expression for the meson self-energy

. diq i(f+ ¢ +m) i(¢ +m)
ka2z'2/ -T[ i Civs). 9
B =i | oot Tllrqr—merie ™ Fomitic P ©)
Solve this integral analytically.

Hint: Use again Feynman parametrization and express the final result as an integral over
one Feynman parameter.



